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ABSTRACT

An incremental solution of a member in bending and compression by displacement method with shear force
impact is presented, wherein individual incremental steps, both the geometrical characteristics of the cross-
-section and the position of the neutral axis, can be changed. Functions of loads, internal forces and displace-
ments are represented by trigonometric series. In every load step internal forces and deformation state is
memorised, therefore history of the load and stiffness is taken into account. This solution is useful both in
static calculations of structures being strengthened as well as in structures, in which degradation of stiffness
under load occurs as a result of wall stability loss. The member may be loaded by uniformly distributed load,

any number of concentrated forces and nodal moments.
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INTRODUCTION

Strengthening of steel bar structures is performed in
the presence of displacement and internal forces states,
existing at the start of construction work. It may con-
sist in enlargement of the member cross-section along
its entire length or its part, or introducing additional
restraints in any cross-section or in structure nodes.
Therefore, to assess the effort of the strengthened mem-
ber, an incremental solution with possibility of chang-
ing the stiffness of the member at every calculation
step is needed. Such an approach allows the analysis of
structures strengthened by symmetrical enlargement of
the cross-section relative to the neutral axis. If change
of the cross-section neutral axis position occurs, it is
still necessary to take into account the effect of nodal
bending moments resulting from the axial force and the
eccentric determined by the axis movement.

In turn, if analysed structure is strengthened by
introducing additional restraints along the length of
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the member or at any node, it is necessary to consider
such a possibility in the computer program algorithm
by introducing into calculations the final configuration
of nodes, rods and restraints like for non-deformed
structure and the parameter controlling the rigidity of
the restraint and its initial deformation. For example,
introducing an additional support of initially and elas-
tically deformed member would require introducing
in any incremental step a movement of this additional
restraint relative to the non-deformed structure by the
sum of the values of initial and elastic member de-
formation. In addition, the current sum of initial and
elastic deflection of two members formed as a result
of supporting the original member, would have to be
corrected. Similar operation would have to be car-
ried out in case of change in the cross-section of ana-
lysed member along part of its length, with introduc-
tion of two additional nodes along the length of such
a member, in the initial and in the end sections of the
strengthened segment.
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A similar solution would be needed in the event
of degradation of the bar stiffness due to stability loss
of its slender wall exposed to normal stress. However,
due to the possible change in the value of normal stress
along the bar length, such a solution should be treated
as approximate as an effect of the need of splitting the
bar into short elements, for which the stress values
can be considered approximately constant along their
lengths. In such elements, in subsequent load increase
steps, the surface area, moment of inertia and position
of the neutral axis would change.

There are solutions and calculation software, in
which the impact of local instability of slender walls on
the member global deformations is considered. In gen-
eral, these programs use shell models of bar (Dassault
Systemes, 2013; ERGOCAD, 2020) and can be used
to analyse individual thin-walled members or simple
frames (Gizejowski, Szczerba, Gajewski & Stachura,
2015). These models are accurate but their implemen-
tation is time-consuming. In PhD dissertation (Cze-
pizak, 2006) the effect of trapezoidal sheets stiffness
degradation due to the local instability of their walls
is captured by function of vanishing stiffness r,(M),
describing the change in the stiffness of the corruga-
ted sheet cross-section as a function of utilization its
bending moment resistance. This solution can be used
in the first-order analysis of multi-span members sub-
jected to bending without axial force. There are also
solutions take into account degradation of the member
stiffness due to the development of the plastic zone as-
sociated with the appearance of plastic hinges (Barszcz
& Gizejowski, 2006). Unfortunately, these solutions
are of little use to the engineer. They can only be used
in individual cases to a limited extent.

The article presents formulas used in displace-
ment method in an incremental approach for ini-
tially deformed bar, in compression and bending in
the xy plane. These formulas may be used to assess
the load capacity of members being strengthened, or
whose cross-section is degraded due to loss of wall
stability. Similar formulas can be derived for bend-
ing in the xz plane, assuming the displacements and
strains are low enough to make it possible to sum the
stress caused by the impact of loads acting in both
main planes, at the bar curvature determined from
two independent formulas.Such a solution can be still
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supplemented with the impact of node flexibility (Za-
morowski, 2013).

BENDING IN THE xy PLANE

Division of the load into any number of incremental
steps is introduced. In each incremental step, it is
possible to change the cross-section, assuming this
change will not affect the existing strain of the bar.
Such a model of the bar allow the analysis of the
structure with sequential application of loads (one
after another), including alternating loads, as well as
the analysis of erected or strengthened structure with
variable topology. Two local coordinate systems were
introduced — in the p and k node with positive senses
as in Figure 1.

It was assumed that the positive senses of initial and
elastic strain of the bar and loads along its length are
consistent with the positive senses of the system axis
in the node p, whereas positive senses of nodal loads,
nodal forces and node displacements correspond to the
positive senses of the axes of the local systems starting
at these nodes.

It is assumed that in any incremental step & the
bending rigidity of the bar is equal to £J,, and shear
rigidity equal to GA,. It is adopted that the bar de-
flection is the sum of initial bending (u,,,), deflection
caused by bending impact (u,,,) and deflection caused
by shear force (v, ) — see Figure 2.
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Fig. 1. Designation of load components, displacements

and nodal forces
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Fig.2. Model of a to-pinned bar bent in the xy plane

Total deflection in the first incremental step is
Auy,1 =Uy0 +Auy,M,1 +Auy,v,1 (1)

Increase in bending moment and shear force over
the length of the bar is determined by the following
equations

AM ;1 (x)ZAMZ,l (p)+AN1 “Auy

dAu. (2a)
AVy1 (¥) = AV, (p) + AN, -t
dx
where
AM:1 (p)=AM:1 (M.5)+AM:1 (py) +
+AM1 (Bi)+AM: (M f) (2b)
AVy1 (p) = AVyi (M) + AVyi (py) +
+AVy1 (Bui) + Ay (M)
Angle of shear deformation
dAuyy AVy1(x)
—:dy,l—:
dx GA
3)

dAuy
=Yy AV, 1(p)+ AN,
dx

where (Belyayev, 1956)

2,1 2
A "S5 A
ay,l = .[ d

JZZ,I —hi, bl (y) Av,] ,
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in which
by(y) and hy = h, ; + h,; — the section width and height
in the first step,
Ay, 4,;  — cross-sectional area, shear cross-section-

al area in the first step,

J.1»S,1(v) — moment of inertia of the cross-section,
static moment of the cut-off part of the
cross-section.

The equation for the curvature of the bar in bend-
ing assuming small displacements is adopted in the
following equation

1 _ dZAuy’M’l __ AM _(x) )
P, (x) T dx?

By applying of double differentiation of Eq. (1) is
obtained

dZAuy,1
dx?

2
3 d u,,

dzAuy,M,1
dx? " .

dx?

2
d Auzy,v,l (5)
dx

and, after introducing Eq. (2a) to Eq. (4) and taking
into account the derivative (5) and after ordering, it is
obtained

d*Au, My

dx—2+ k2 A AM _ (p)+
z,1
d’Au dAV (p)

+77y,1 sz—i—ny,l}/y,l dy—x (6)

N

for 77, , N N,=AN,, k}, = Tyahy

' (I- 7y,|N1) EJ
29
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In the second incremental step

Au,,=Au \,+Au,,, (7)
AMz,z (x) = AMZ,Q (p)+N1Auy,2 +AN» (Auy,l +Al/ty,2) = AMz,z (p)-i— NzAuy,z +AN2Auy,1 (8a)
for AM ;> (p)=AM ;> (MZ.E)'i'AMz,Z (p)’)"'AMz.Z (P)Hi)"'AMz,Z (Mz,E)
where
AMz’ﬁ :AMZ,ﬁ,z(p)+N2Aey,2 (8b)
AM,x =AM ; k2 (p)+ NaAey >
wherein
N2 =AN; +AN>, Aey > — change of neutral axis position in the second step,
AM . 5.2 (p), AM _ i » (p) — increase in external nodal moments in nodes p and k in the second step.
Considering that
dAuy > dAuy 1
AVya (x)=AVy2 (p)+ N2 = +AN> y
X
dAuy v, dAuy > dAuy
————— =2 AVy 2 (x) =y 2 |AVy2 (p)+ N2 —— 4+ AN> Q)
dx dx
_ 1
Vy.2 —GAv,z
in the second step the following equation is obtained
d*Auy, My dAVy s (p) d*Auy
e +ky,2Auy,2 =—EJZ’2 [AMZ,Z(p)+AN2Auy,1]+7y,27]y,2 I + AN, 2 (10)
2N
where 77,2 - 1 and k2 , = y2 V2 .
1=yy2 N2 S ¥

Similarly, for incremental step &k (with k£ > 1), the following dependencies are obtained:

Auy,k =Auy,M,k +Auy,v,k (11)
k=1
AM ;i (x) =AM .k (p)+ Nk Auy i + AN D Auym
m=1 (12a)
for AM .o (p)=AM ;o (M . 5)+AM ;o (py)+AM ;2 (Pyi ) +AM .0 (M . 1)
k=1
where AM .5 =AM .5 (p)+ NiAeyix +ANp Y Aeym
m=2 (12b)
k=1
AM . =AM i (p)+ NiAeyx + ANk Y Aeym
wherein m=2
k
Ny = Z ANy, Aey 2 — change the position of the neutral axis in 4-th step,
m=I _
AM . 5k (p), AM , i ;. (p) — increase in external node moments in nodes p and k in the -th step.
Considering that
dAuy k=l dAu
AVy i (X) = AVyi (p) + Ne —5 4 AN, S dy'”’ (13)
X o dx
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differential equation of deformed axis in incremental step k takes the following form

d*Auy i My & L) dAVy i (p) S d? Auym
—+k  Auyp =———|AM + AN Ay g |+ Yy aNlyx | ———+AN —_—
2 ity == | AM (p) + AN m§:1 v |+ Yy kTl k DI
(14)
N : 82 (y)
where: 7y = —————, ks =Bk nd Yok =—25 ayx =_‘42k LU
1=7yx Nk ' EJ: k (GAk) I Sh b (y)

The functions of initial bending of the bar (u,,,), elastic bending increments (Au,, ), internal bending moments
increments (AM, ) and load increments (Ap, ) are assumed to be infinite trigonometric series

. NTX
Uy,0 =ny,0,,, smT
n

- NITX
Auy,k Iny,k,n SlnT
n

. (15)
AM i (p)=D Am; i s1n”Tm

n

Apyi = ZApy,k,n sin%
n

The amplitudes of the increments of bending moments from external loads were obtained from the equation

d*AM . 4 (p) _dAVyx (p) _

2 e =—Apyk (16a)
in which Ap,, is the k-th increment of transverse load.
The following equation was obtained
Amjon = (#)2 APy in (16b)

where (acc. to Girkmann, 1956) amplitude for an uniformly distributed load

4Ap,
Ap” = TPk g2 N

v.k,n
T
" i (16¢)
Amz p.k =—4Apy’kl sin? %2
PR () 2
In case of concentrated load of simple-supported beam it can be written
2AP;; ;
A9, = A g 1
(16d)
A pa 2APy ikl . nrza;
Z, n -

where a; is the distance of the force P,; from the node p.
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The series for concentrated force is not convergent, but for the bending moment series is. Assuming the
concentrated force in the middle of the bar span, differences in the values of the maximum bending moment are
about 1% with n =40 and 0.5% with n = 80 and 0.25% with n = 160 compared to precise solution.

Amplitudes of bending moments from loading with moments in the node p and k

2AM ; 5k
Amz,f?,k,n =
nw (]6 )
e
B ZAMz,];,k
Amz,k’k,n = —T cosnxzw

In case of a beam loaded with bending moments in the support nodes, the differences between the value of
bending moments obtained according to the first order theory and calculated from Eq. (15) with the amplitudes
according to Eq. (16e), are larger in cross-sections close to the point of application of the load and smaller in
the middle of the beam span. Assuming, for example, n = 1,000, these differences are: 2% in a cross-section at
a distance of 0.01/ from the node, 0.2% in cross-section at a distance of 0.1/ and 0.06% in the middle of the bar
span.

Substituting e.g. Eqgs. (16¢) and (16e) to Eq. (15) for a uniformly distributed load and moments in nodes p
and k it is obtained

4Apyil? 2AM 2AM ¢
AM i (p)=) i LASSHCY A L. SRE cosnm sinnlﬂ (17)

- (,m)3 2 nrx nrz

Assuming designations as in Eqgs. (16¢) and (16e)

dAV, d*AM
w (p)= z’k(p)=—Z(”7[j[Amzpkn+Amzpkn+Amzkkn]sm 7;x (18)

n

dx dx2

Substituting Egs. (15), (17) and (18) and derivatives of displacements (15) to (6), the elastic curve equation
describing deflection of the bar with the uniformly distributed load over the length and with moments in nodal
cross-sections is obtained.

In the first incremental step

nx nxx . NITX y.1
—Z( ) Sfyansin—"= / +k)2,’1 ny,l,n mnT:—FZ[AmZ,pJ,n +Am; 510 +Amz,,;,1,n]><
n ol g

XSlnn—m—ﬂy 1 Z( j fyomn sinnTm—ﬂy,l;/y,l Z(nl ) [Amzp L +Am 51, + Am, kln}sm n7lrx
(19)

Hence, the bar bending amplitude after adding the influence of the concentrated force according to Eq. (16d),
for any harmonic component # in the first incremental step is

_ 1 0,
Amgpint Amepin+ Amepin+Am, g, N 1y, ( j Fy0

fyidn = N ; (20a)
kr,z,1,n _ N] (mj —k%
1+ 7y,1 Nkr,z,l,n [
2 2
n"rn EJ
where Ny z 1.0 = —2“
l
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Similarly, for the incremental step &:

k-1
Amz pin + Amgppn + Amy g g, + ANk Z fymn
f n= m=1
yohn =
N, zk,n
——————=N; (20b)
1+ Vy.k Nkr,z,k,n
n*?EJ 2k
Nirzhn = —
l
k-1
where z Sy.m.n is the sum of the amplitudes of elastic displacements from previous incremental steps.
m=1

Substituting the amplitudes (20a) and (20b) in Eq. (15), it is possible to determine the elastic deflection of the
bar Auy in any cross-section loaded with concentrated forces and the uniform load distributed over its length
and moments in node cross-sections.

The increase in the elastic angle of rotation from bar bending in the first and in the &-th incremental steps is
calculated from the following formulas (Fig. 3):

duyy duyyy duyo duyg
x)= - - = = ¥y1AVy1(x) =
9..1(x) dx dx dx dx Yyl AVy1(x)

21)

duyx duyvi duyk
P (x) = di - ;x = di — 73k AV (%)

In the first step, for increase of evenly distributed load with increase in moments M. 51, M , i is obtained

dAuy | dAuy | duyo dAuy;
A@:. (x)= — Yyl AViy, (p)+ AN, - = (1_7y,1ANl)_
dx dx dx
(22a)
duyo dAuy, dAM ;1 (p) duyo
—¥y1AVy, - = L= ¥y 1AN1) =¥y : -
7 v (p) dx dx (=7 =7 dx dx
and, taking into account derivatives of displacements and moments
Aoy (X) ==V Z%[Amz,,,,k,n +Am; pan +AM pan +AM,E L, X
" (22b)
xcos X 4 (1- ANl)zﬂfy,l,n cos 12X _ Zﬂf%o,n cos 12X
[ pally) [ ) [
a . b
‘ X
T, N _L i T .
TYvo! | !
u X
IS lr., / PA i
Vru,
Fig.3. Angular displacements of the cross-section near the joint in the xy plane: a — at the first step of increment; b — at

the &-th step
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In the incremental step £:

dAuy i dAM ;. (p) M dAuy m
Ak (X) =——(1= ¥yx Ni) = ¥y |:Z—p+ANk >y —= (22¢)
m=1 dx
and after applying expressions for derivatives of displacements and moments
A@1 (X)==7y1 Z%I:Amz,l?,k,n +Am pig A+ Amg g+ Amy g X
" (22d)

XcosnT”x+(l—;/y1 ANI)Z%ny,n cos%—z%f%o,n cosnTm

In case of bar initially deformed in the xy plane, loaded with a bending moment in the node p as in Figure 4, the
increase in the elastic angle of rotation in the first step is calculated according to Eq. (22b), taking into account the
amplitude of the moment as in Eq. (16e).

2AM ; 51
Ag. 1 (x)=2%{fy,1,n (1= 7.1 ANY) = 7y T“’—fy,o,n}cos”T’” (23)

Introducing the amplitude of the elastic bending deflection to Eq. (23), in the form resulting from Eq. (20a)
for the moment load in the node p, assuming x = 0, an expression for the increase of the rotation angle in the
first incremental step was obtained

Age g =— 1" L (24a)
l n Nkr,z,l,n_Nl (1+7y,1 Nkr,z,l,n)
Introducing the designation
+ nz Ny fy,O,n
P 3EJ ;1 AM ;51 (24b)

2, D>l
ZD. 12 " Nirzn = N1 (14 ¥y 1 Nirzn )

in which the upper index describes the location of load application point, and the second lower index — the ro-
tated node

5 AMopil 5
P _ P, Iz
AV =3y, G (24¢)
Dm0
Mz pk—1+2Mz 5, P2l i ®
(Z = - -

Nie_1+0N,
: fA("z,E,k :%Auy,k A9, ki T

i Iy

Fig.4. A bar with hinged ends loaded by the moment M ; 5
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Similarly, forx =1

_AM_pul

P P
A(pz,l?,l_ 6EJ -1 zk,1
(244d)
7T N1 fy
24 n. lf) ,0,n
for C7_ = OE/z AM:. 7.1 cos Nz
okl 12 n Nkr,z,l,n_N1(1+ Yyl Nkr,z,l,n)
In incremental step &
2AM Dk k-l
A@-i (%) =Z% Fykn (1= Yy N ) = Vs L= — Yk AN D frmn COS”TM (25a)
n m=1
and
- AM; 5l
P _ P, P
A(l’z,p,k = 3EJ., 2.7k 25b)
ApP- = AMp il cP_
72,k k 6EJz,k 2,k k
where
k-1
n][AN]( Z fy’rn’n
2+ m=1
o7 3EJ i AM .5k
“pk 12 n Nkr,z,k,n _Nk (1+ 7y,k Nkr,z,k,n) )
. (25¢)
nZANE D" fymn
2+ m=1
P = OE AM = pi COS NI

ahk lz n Nkr,z,k,n - Nk (1 + Y.k Nkr,z,k,n)

For a bar loaded with a moment in the end node as in Figure 5 the increase in the elastic angle of rotation in
the first step is calculated according to Eq. (22b), after taking into account the amplitude of the moment as in
Eq. (16e) and the displacement amplitude as in Eq. (20a). The following equation was obtained

nﬂ'N]f,(),n
P o cosno

AM .+ AM .- 26a
A¢Z,1 ()C) _ zk,1 z zk,1 cos nmwx ( )
l n Nkr,z,l,n - Nl(l + ¥y Nkr,z,Ln) l

and hence for x =0 and for x =1/

Aok _AMz,l?JlC;;
(2% A 6EJ. 2.7l
' (26b)
AGF _AMz,l?JlC;;
qoz,E,I - 3EJ.. 2.k 1
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Fig.5. A bar with hinged ends loaded by the moment M , ¢

wherein
nz N1 fy
nENyon _ 2cosnx
P 6EJ 1 AM ik
“pl lz n Nkr,z,Ln - Nl (1 + 7)’,1 Nkr,z,Ln)
(26¢)
T N
nEN v om 2cosnrx
A 3EJZ,1 AMZ,I?,k
C = cos nxw
o l2 n Nkr,z,],n - Nl (1 + 7)’,1 Nkr,z,],n)
In the incremental step &
k-1
nZ ANk Y fymn
) AMmil —2cosnz (27a)
A¢Z,k ()C) _ zk,k zk,k cos niwx
l n Nkr,z,k,n - Nk (1 + }/y,k Nkr,z,k,n) l
and forx=0andx =/
AOF - = AM ;i k! ck
¢z,ﬁ,k 6EJzk z,p.k
' (27b)
A A _ AMZ,/;J(I C];
¢Z,E,k 3EJ. & 2.k k
where
k-1
nTANK D" fymn
m=1 —2cosnzw
ok _SEu AM i
“pk 12 n Nkr,z,k,n _Nk (1+ 7)’,1{ Nkr,z,k,n )
(27¢)
k-1
niw ANy Z fymn
m=1 —2COSnT
P 3EJk AM xx
C [ coS niw
ok [ n Nkr,z,k,n - Nk (1 + 7y,k Nkr,z,k,n)

In case of a initially deformed bar in compression, loaded with an uniformly distributed load of constant

intensity as in Figure 6 the following is obtained
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4Ap, 12
Pyk n2 e +M1\;<
(”7[)3 o nwx
A@i (x) = Z cos (28a)
I Nirzkn— Ni—Vyk Nk Nir,zion [
k=1
where for k=1 Mévl , =Nifyon and for k> 1 MZ kn =ANK Z fy.m.n, hence, for x = 0 and for x =/
1
4Apyil? g
Pyk n2 nr +M1vk
3 zk,n
nr_ (nm)
A¢z pk _ _
l Nkr,z,k,n Nk 7y,k Nk Nkr,z,k,n
(28b)
4Ap, 12
Py.k 02z +MNk
(l’lﬂ')3 2 Zk,n
A(pq“ =y cosnrx
o l Nkr,z,k,n - Nk - 7y,k Nk Nkr,z,k,n
APy«
:®
X
z £ - {
+

APz kk N1 80
| AP, 5 N\ ALy, 1 |
| APz pk \Alyk |
’L IL

yy Yy

Fig. 6.

Similarly, it is possible to obtain transformation
formulas of the displacement method for bending in
the xz plane. It should be taken into account that with
the coordinate system as in Figure 1, the positive value
of the node moment M, 5 (with a vector compatible
with the y axis) corresponds to the negative value of
the elastic bend deflection and the positive value of the
initial bend deflection.

Example

The solution presented earlier was supplemented with
a module with rigidity degradation of thin-walled
members exposed to normal stress, based on the
EN 1993-1-3:2006 standard (European Committee for
Standardization [CEN], 2006).This extended solution
was used to analyse an individual arch of the umbrella
roof covering with characteristics as in Figure 7. The
supporting structure of the umbrella roof consists

architectura.actapol.net

A bar with hinged ends loaded uniformly by the load p,

of columns fixed in foundations in both directions,
spaced longitudinally every 6.0 m. Eave beams sup-
ported on two columns are designed as a box sections
composed of two C-profiles 240. These beams were
connected each other with tie rods with a diameter of
24 mm located in planes of the columns and in planes
located 3 m away from them. The covering was made
of arched steel sections with cross-sectional dimen-
sions as in Figure 7, with a thickness of 1 mm and
a width of 600 mm between axes of their locks. The
umbrella roof was located in the third wind load zone
and the fourth snow load zone according to the Polish
National Annex to Eurocode 1 Part 4 (Polski Komitet
Normalizacyjny [PKN], 2010).

The arch was treated as a system of pre-bent bar el-
ement in compression and bending, with compressive
rigidity E£A4,, bending rigidity £J, and shear rigidity
GA,,, variable in subsequent incremental steps k. The
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Fig.7. Characteristics of the umbrella roof

value of the initial deflection was assumed consistent
with deflection of the arch with a chord equal to the
element length. In the solution, the effect of general
instability is considered as P — A effect, i.e. the effect
of changing the configuration of the bar members on
the values of nodal shear forces. The impact of local

instability of the walls was evaluated at each incremen-
tal step in a manner provided for in the PN-EN 1993-
-1-3:2008 standard (PKN, 2008).

Equations of displacement method derived as
shown before were used to build a computer program
for calculating any planar bar systems (Fig. 8). Due to

[P Static scheme |

(D Loads |

[ Incremenst of dead loads |

i=1 (1) mg

Fig. 8.

38

[ Local instability - characteristics of equivalent cross-sections |

I
|Creation and solving of system of equation. Updating the nodal forces |

i

| Summation of displacements, nodal forces and reactions. |

[ Increments of variable loads |

i=1()mp

[ Local instability - characteristics of equivalent cross-sections |

1
[Creation and solving of system of equation. Updating the nodal forces |

[ Summation of displacements, nodal forces and reactions. |

®
| Results )

Block diagram of the program for calculating arched trapezoidal corrugated sheets
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capabilities of this software, two calculation schemes
of the umbrella roof transverse system were consid-
ered. In the first scheme, considering eave beams non-
-deformable (i.e. rigid), 1/10 stiffness of columns and
1/5 stiffness of tie rods were assigned to the single
arch sheet, which allowed to obtain reliable results for
arches in the column area. The second scheme takes
into account the additional impact of the eave beams
deformability for corrugated arched sheets located in
the area of the largest deflections of these beams.

The arch was divided into 14 elements. The results
obtained for the intermediate arch (according to the
second scheme) are presented in Figure 9 regarding
to unloaded arch. The solid line shows the results ob-
tained without the effect of local instability u,, and the
broken line takes into account these instability u,. The
sum of the x coordinates of the elements nodes and
their displacements u, was treated as the abscissae of
the graph, and the u, displacements of nodes as the
ordinates.

Differences in the values of vertical displacements
of arch nodes in the key exceed slightly 5% of dis-
placements of the arc calculated without the effect of
local instability of the walls.

CONCLUSIONS

The paper presents the incremental solution for a bar
using the displacement method by the second order

theory, which includes the possibility of changing
the cross-section characteristics under the subsequent
loads. This solution can be useful for both strength-
ened structures and structures consisting of thin-
-walled members, which walls lose their stability
under increasing stress.

In engineering practice, the utilisation index of the
strengthened members in bending and compression is
calculated as the sum of the utilisation indexes of the
member before and after strengthening. For example,
in case symmetrical cross-section strengthening, in
the first stage the AM_,(x) =AM, (p) + AN, - Au,,
moment is considered and in the second stage the
AM, 5(x) = AM_(p) + AN, - Au,,. Compared with
Eq. (8a), the components AN, - Au,, and AN, - Au,
are thus omitted. In case of the load bearing capacity
of members check according to following equation

AN Ea +AM1,Ed N AN Eq +AM2,Ed
XiNige Mira Y2Nore MaRra

<1 (29)

the value of the bending moment calculated in the sec-
ond stage on the basis of external loads should be in-
creased by aforementioned omitted components. Then
AM, pq= AMy(p) + AN, - Au,, + AN - Au,, ;.

Effectiveness of strengthening the actual structure
may be checked, for example, by means of innova-
tive strain and stress fiber Bragg grating (FBG) and
residual magnetic field (RMF) analyses (Juraszek,
2019, 2020).

0.0

/ 1
uz
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Fig.9. Arc strains
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STATYKA ELEMENTU ZE ZMIENNYM PRZEKROJEM POD OBCIAZENIEM

STRESZCZENIE

W artykule przedstawiono rozwiazanie przyrostowe $ciskanego i zginanego preta metoda przemieszczen
z uwzglednieniem sity poprzecznej, w ktorym w poszczegdlnych krokach przyrostowych mozna zmieniaé
charakterystyki geometryczne przekroju facznie ze zmiana potozenia osi obojetnej. Takie rozwigzanie jest
przydatne zar6wno w obliczeniach statycznych konstrukcji z pretami wzmacnianymi, jak i konstrukcji,
w ktorych nastepuje degradacja sztywnos$ci pod obcigzeniem na skutek utraty stateczno$ci $cianek. W roz-
wigzaniu wykorzystano szeregi trygonometryczne do przedstawienia funkcji obcigzen, sit wewngetrznych
1 przemieszczen. Do elementu moga by¢ przytozone réwnomiernie roztozone obciazenie oraz dowolna liczba

sit skupionych i momentow przyweztowych.

Stowa kluczowe: rozwigzanie przyrostowe metoda przemieszczen, konstrukcje wzmacniane, degradacja

sztywnosci elementow
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