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DISTRIBUTION OF TEMPERATURE
IN MULTICOMPONENT FUNCTIONALLY GRADED
MULTILAYERED COMPOSITES

Monika Wagrowska, Olga Szlachetka
Warsaw University of Life Sciences - SGGW

Abstract. The object of analysis is a heat conduction problem within the frames of toler-
ance modelling in multicomponent, multilayered composites with functional gradation of
effective material properties. The equations of proposed model for considered composites
are partial differential equations with slowly-varying coefficients. The one-dimensional,
stationary problem of heat conduction in direction perpendicular to layers will be ana-
lysed.
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INTRODUCTION

The object of the investigation is a heat conduction problem in a multicomponent,
multilayered structure with functional gradation of effective material properties. The
problem of heat conduction in multilayered two-component periodic composite and com-
posite with functional gradation of effective material properties (FGM) is well known in
the literature. We can mention here some papers in which was used a concept of asymp-
totic methods, nonstandard analysis, tolerance modelling and G-convergence: Bensous-
san et al. [1978], Sanchez-Palencia [1980], Bakhvalov and Panasenko [1984], Wozniak
[1987a, b], Wagrowska [1988], Briane [1990], Matysiak [1991], Jikov et al. [1994], Su-
resh and Mortensen [1998], Nagérko and Zielinski [1999], Lewinski and Telega [2000],
Wozniak and Wierzbicki [2000], Wierzbicki and Siedlecka [2004], Nagorko and Piwo-
warski [2006], Lacinski and Wozniak [2006], Michalak and Wozniak [2006], Michalak
et al. [2007], Michalak and Ostrowski [2007], Wozniak and Nagorko [2007], Ostrowski
[2009a, b], Jedrysiak and Radzikowska [2007, 2011, 2012],Wozniak et al. (ed.) [2008,
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2010], Jedrysiak [2010], Szlachetka and Wagrowska [2010, 2011], Michalak [2011],
Nagorko and Wozniak [2011], Ostrowski and Michalak [2011, 2015, 2016], Szlachetka
[2012], Szlachetka et al. [2012], Wozniak et al. [2012, 2015].

The heat conduction in multicomponent periodic composites based on the tolerance
modelling procedure was presented by Wozniak [2012, 2013] and applied for example
by Wagrowska and Wozniak [2014], by Szlachetka and Wagrowska [2014a, b, 2015]
and Wagrowska and Szlachetka [2016]. The process of modelling of heat conduction
problems for composites with functional gradation of effective material properties will be
discussed within the frames of the tolerance modelling. Example will be narrowed down
to the one-dimensional, stationary problem.

OBJECT OF ANALYSIS

The object of analysis is a rigid heat conductor which occupies a region
Q=(0,L;)xE,E=(0, L,)x(0, L3 ), in the physical space parameterized by an ortho-
gonal Cartesian coordinate system Ox;x,X3. It is assumed that conductor is multilayered
in the Ox, direction. The composite is made of N thin layers with constant thickness 4,
where A = L4/N. It has to be emphasized that A has to be much smaller than the characteri-
stic dimension of the composite L, where L = max (Ly; Ly; Lg). Every layer (with constant
thickness 1) of the composite is assumed to be made of M different orthotropic, homoge-
neous components with known mass densities, specific heats and thermal conductivities.
These components are sublayers of the layer and number of them is P, P > M.

Let us introduce a midplane of the n-th, n = 1, ..., N, layer which is defined as

X =x = i+(n—1)/1, n=1, ..., Nin OxiX,Xs space.

Moreover let us define continuous functions ¢,(-), p =1, ..., P, such that g1 (x;) +... +
+ gp(x1) = 1 for every x; € (0, Ly). The thickness of the p-th (p =1, ..., P) sublayer in the
n-th,n=1, .., Nlayerisequal to 1, = ¢, (xl” ),1 . The value of this function on midplane

assigned to the layer will be interpreted as the fraction of the -th sublayer in this layer. The
scheme of the one of the layer is presented in Figure 1.
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Fig. 1. The scheme of one of the layer in multicomponent multilayered composite with functio-
nal gradation of effective material properties
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The heat conduction problem in the discussed composite will be described by the
Fourier law and the heat balance equation in the forms:

g" (x,1) ==k (x)240(x.1) (1)
o(%)9,0(x, ) =0, (K (x)2 40 (x,1)) =0 )

where: x =(x;, x,, x3)€ Q; 6(-,) — temperature in the region of Q for every € [0,4),

k% () — components of the thermal conductivity tensor (for orthotropic materials k%/(x)
for o # f and k**(x) = k*(x)), c(-) — specific heat, subscripts and superscripts o and S are

equal to 1, 2 and 3 (summation convention holds), 9,, () = % dp ()= J 0, = %

ox?’

The equation (2) which holds for all points of region Q and V€ (0,.), is a partial
differential equation with discontinuous and highly oscillating coefficients k?(-), c(")
which depend only on the x; coordinate. The solution of the heat conduction problem
for multicomponent, multilayered composites will be considered within the frames of the
tolerance modelling method, Wozniak [2012, 2013]. The most important feature in the
process of tolerance modelling is fact that the discontinuous coefficients in equation (2)
can be replaced by the slowly-varying coefficients.

MODELLING CONCEPTS

The process of tolerance modelling for composites with functional gradation of effec-
tive material properties is based on some basic concepts i.e. slowly-varying function, to-
lerance averaging approximation, local layer, local oscillating micro-shape function and
global micro-shape function.

Slowly varying functions [Wozniak et al. (ed.) 2008, 2010]. Two classes of slowly
varying functions will be used in the process of tolerance modelling: weakly slowly vary-
ing function (WSV) and slowly varying function (SV) [Wozniak et al. (ed.) 2010].

Let us defineas an arbitrary convex set in the space R™, and let /' € C! (H) be an arbi-
trary real-valued function. Moreover let us define the tolerance parameter d = (1, dg, d1) as

a triplet of real positive numbers and use the notation 9 ; = (;j j=1..,m

Function /€ C'(IT) is weakly slowly varying function (€ WSV} (1) c €' (11))
if the condiion |x—y|<2 implies the conditions |f(x)-f(y)<d and
9,/(x)-9,f(y)| <6 forj=1,..,mand for each (x, y)e I1%.

Function fe WSV}, () is slowly varying function (f e SV},(H)) if conditions
A‘a_if(x)‘ <, hold forj=1, ..., mand for every xe II.

Obviously, WSV, (IT) o SV} (IT).
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Tolerance averaging approximation. Let us define A = (—i ij and local interval

A(x)z[x—i,ywijfor every xe BL—ﬂ Let f, € L*((0.L)) then:
_l zZ)az
(f)(x)= M(Jx)fx( ) (5)

Let /, € L7 (A(x)) and F'e WSV, ((0, Z)). The tolerance averaging approximation

of the product of functions f,(-) F(") and functions f, (-)o,F(-) at point x will be defined
as [Wozniak et al. (ed.) 2010]:

)y (x)= (1) (x) F () o
(1P} (x) = (1) ()9, ()

Local layer. The local layer LL(x;) with the midplane x; = const is a Cartesian product
of local interval A, (x;)= [xl —%, x +ij for every x, € B L—ﬂ and region E on

Oxpxg plane (E=(0, L, )x(0, Ly )): LL(X1) = Ajoe(x1)*E. Let us introduce a local coordi-
natey, y € Ajc(Xp), for each local layer. The local coordinate is perpendicular to the lay-
ers. The fragment of cross-section through a local layer is presented in Figure 2.
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A(x, As(x1) Api(x) Ap(x1)
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Ry
xioid %,/ xit 34 Y
Fig. 2. The cross-section through a local layer

Local oscillating micro-shape function [Wozniak 2012]. The local oscillating mi-

cro-shape shape function y*1(-) referred to the local interval A, . (x1 ) = (xl —%, X +§)
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. A A . . .
for arbitrary but fixed x; € [2, L—z} is function which depends only on y coordinate.
This function is piecewise linear and takes the following values on the interfaces between
sublayers:
K" (x)
K, (xl)

vy =V g, (xl)[ —l],p=1, 2., P )

(01(x1)+ (/7P(x1
X, X,

-1
where: Ko(xl)z[ )] DK, =k =k

Moreover the local oscillating micro-shape function satisfies the condition
<py"'>(xl)=0-

Global micro-shape function [Wozniak 2012]. Global micro-shape function vy(:)
which is defined for all points x4, X; € [0, L] satisfies the following conditions:

0f 7
yg=y;_1+z¢p(xf) K (xi)—l ,p=12,. P, n=1,2,., N
o)

(8)
y () is piecewise linear between interfaces
{py)=0

where: yf, ,p=1,2,.., P, are values of function y(:) on the interfaces between sublayers
in the n-th layer, and

KOy = ¢1(x1") (DP(xln) K=k o
)= L P e,

-1

MODELLING PROCEDURE AND MODELLING EQUATIONS

Let temperature assigned to the local layer LL(x;) with the midplane x; = const for all
values of x; € [0, L] and time t € (0, t«) be denoted as 0,4(Y, X2, X3, t), Where y € Ajpe(X1),
(X2, X3) € E, X1 € (0, L), t € (0, t+). The process of tolerance modelling is based on two
assumptions.

The first assumption called micro-macro decomposition. The temperature field
Gy (Y, X2, X3, t) can be approximated by the field 0, (yl,xz, X3, t) [Wozniak et al. (ed.)
2010]:

6)(1 (ya x29-x3a t) =ﬂ(y, x29 .X3, t)+yXI (J’)I//(y, .X2, X3,t) (9)
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where: 9+, x, x3, #) and (-, x,, x3, ¢), called macro-temperature and amplitude fluctua-
tion of temperature which are arbitrary weakly slowly varying functions of argument x;
forall (x,,x;)e E and 7€ (0, 4).

Before introducing the second assumption define the residual field of éxl () in the
region Q for t € [0, t«] [Wozniak et al. 2015]:

1 () =0, (k)lcla]éxl )() + kfla%éxl () + kglagéxl () - cx]atéxl () (10)

The second assumption. The second assumption is:
(11)

where <>T is defined by equations (6).
After implementation both assumptions the system of equations for unknown func-
tions B(-), w(*) (8(~ X3, %3), w(- x5, x3)€ WSV ((0, L, )) takes the form:

0 (k') () 0y8(x. 1))+ (7 ) (x)938 . 1)+

+(°) (0930 (x,1) = (e) (x1)3,8(x. 1)+, (K317 (3 Jw (x.1)) = 0 12)
00 (K ) ) (x ) o)+ 2 (00 ) (30) 9B () (2 () ) (30) 93 (1) +
= (2" ) (5 ) (1) = (K19 (1)0,8(x,0)= (e (1) ) () (x.1) =0

Equations (12) with the decomposition of approximative temperature filed éxl () as:

H(x,t)=z9(x,t)+y(xl)q/(x,t) (13)

and boundary and initial conditions are general model equations of heat conduction for
orthotropic multicomponent multilayered functionally graded composites.

It has to be emphasized that the coefficients in system of equations (12) are slowly
varying functions of the argument x; € (O, L) .

If B(xy, x5, 2)€ SV ((0, L)) V(xy, 3. 2)€ Ex(0,1) and y ()€ SV, ((Q5))
equations (12) take the form:

Acta Sci. Pol.
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0 (k') () 018(x. 1))+ () (0)938 (x. 1)+ () (1) 030, 1)+
~le)(x)0,8(x. 1)+, (<k181y>(x1)1//(x,t)) =0

(K@) ) (v () (K917 ()0, (x,1) =0

33

(14)

which with decomposition (13) and boundary and initial conditions are the local homo-

genization model (LHM).

Furthermore if the considerations are limited only for stationary and one-dimensional

problems equations (14) take the form:
d 1 d d 1 d
—| (k — —| (kb — =0
dx (< >(xl)dx1 (x)]+ dx (< dx, y>(x1 )W(X)J
2
d d d
ol K= —(x)=0
< [dxl V) >(x1)W(x)+< dx, }’>(JC1)dx1 (x)
From equation (15,) it follows that:

p(x)=- <kldiy>2(x1) a
<kl [diy) >(x1)

Substituting equation (16) to (15,) equation for 19() takes the form:

19(x)

(ko) o) <0

1

where:

(15)

(16)

(7)

(18)
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Equation (17) with denotation (16) and (18) and decomposition of the approximate
temperature (13) and boundary conditions are the base equations for one dimensional and
stationary problems.

EXAMPLE

The distribution of approximate temperature field é() for special multicomponent
multilayered functionally graded composite is presented in this section.

Let us assume that the composite, which occupies the region Q = (0, L) x R? where
L =20 cm, is composed of N = 20 layers with constant thicknesses 4 = 1 cm. Each layer
consists of three sublayers made of three different isotropic materials. The material frac-
tions in sublayers are depend on functions ¢4(-), ¢,(:) and ¢3(:). To this end x = x;. The

above functions take the form: ¢ =0.2, @, (x)= L—z).8x -0.2, g3 (x)=1- L_S'gx.

It can be observed that the thickness of first sublayer is constant in every layer and is
equal to /4 = 0.2 m. The thicknesses of the second and the third sublayer in several layers
are not constant. It is important to notice that every two adjacent layers can be treated as
indistinguishable.

The coefficients of thermal conductivity related to the corresponding sublayers are
equal to Ky = 1.7 W-(m-K)™%, K, = 0.042 W-(m-K)™%, K3 = 20 W-(m-K) L.

The boundary conditions on the macro-temperature are: (0)=4, =0C,
(20) =8, =20°C. The distribution of the temperature field #(-) determined from equ-
ation (17) is shown in Figure 3.

20F T T T T T H T ]

d[0C]
S

o

x [cm]

Fig. 3.  Distributions of the macro-temperature fields 19() for x € (0, 20)

It can be observed that the distribution of macro-temperature #(-) is not linear func-
tion as is in periodic multicomponent multilayered composites [Wagrowska and Szla-
chetka 2016].
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The distribution of the temperature fields 6() for x e (0, 20), x € (2, 3), x € (5, 6),
X € (15, 16) are shown in Figures 4,5, 6 and 7.

20F
15;
S 10}
LIS r
5

0; L L L L L L L L L L L L L L L L L L L \;

0 5 10 15 20

x [cm]

Fig. 4. Distribution of the approximated temperature field é(~) for xe (0, 20)

[0C]

X [cm]

Fig. 5.  Distribution of the approximated temperature field 5() in the third layer
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0O0F — T T
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Fig. 6.  Distribution of the approximated temperature field é() in the sixth layer

17.8 1
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Fig. 7. Distribution of the approximated temperature field é(-) in the sixteenth layer

CONCLUSIONS

The process of heat conduction for multicomponent multilayered composites with
functional gradation of effective material properties can be described by equations with
smooth and slowly varying coefficients. The local homogenization model equations
(LHM) for one-dimension stationary problems are reduced to equation for macro-tempe-
rature () and fluctuation amplitude y (-) which have the same form like an asymptotic
model equation.
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ROZKELAD TEMPERATURY W WIELOSKLADNIKOWYM
WIELOWARSTWOWYM KOMPOZYCIE O FUNKCYJNEJ GRADACJI
WEASNOSCI EFEKTYWNYCH

Streszczenie. Przedmiotem rozwazan jest modelowanie tolerancyjne przewodnictwa ciepta
w wielosktadnikowych wielowarstwowych kompozytach o funkcyjnej gradacji wiasnosci
efektywnych. Zaproponowane réwnania modelu dla analizowanych kompozytdw sa row-
naniami rézniczkowymi czastkowymi z wolnozmiennymi wspétczynnikami. Wyznaczono
rozktad przyblizonej temperatury dla jednowymiarowego stacjonarnego zagadnienia prze-
wodnictwa ciepta w kierunku prostopadtym do uwarstwienia.
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